We consider the following hypothesis: some of KdV equation shocklike waves are invariant with respect to the combination of the Galilean symmetry and KdV equation higher symmetries. Also we demonstrate our approach on the example of Burgers equation.
Introduction
1.1 History of a problem [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] In [1] Gurevich and Pitaevskii (G-P) one of the first have formulated the Korteweg-de Vries (KdV) equation shock-like waves problem: "to find solution of KdV equation u t + DRu ≡ u t + uu x + u xxx = 0, u = u(x, t),
which has asymptotic behavior
In [2] Gurevich and Pitaevskii have supposed and investigated hypothesis: the first term of asymptotic solution of (1), (2) is a continuous combination of the "external" solution (2) and "inner" solution u = ϕ(θ) = ϕ(θ + 1) : ϕ = 2(r 3 − r 1 )dn 2 (2K(m)θ; m) + r 1 + r 2 − r 3 , x − (t) ≤ x ≤ x − (t),
where θ x = κ, θ t = ω = −κU , κ ∼ = (r 3 − r 1 ) 1/2 /K(m), U = (r 1 + r 2 + r 3 )/3, m = (r 2 − r 1 )/(r 3 − r 1 ), dn -is the Jacobi elliptic function, K(m) -is the complete elliptic integral of the first type, r 1 ≤ 0, r 1 ≤ r 2 ≤ r 3 , r 3 ≥ 0, and r i are governed by the Whitham-KdV (averaged) equations [3] (we write these in form [4, 5] )
with appropriate boundary conditions. There are not rigorous theorems about exact solution of (1), (2) , but the non contradictoriness and self-co-ordination of G-P hypothesis were proved in set works [2, [5] [6] [7] [8] [9] [10] [11] . Note also that closely connected questions were considered in [12] . The next step was made in [13, 14] where it was shown that G-P solution is simultaneous solution of non autonomous ordinary differential equation (which is stationary part of KdV symmetry).
The problem in question
The problem in question is to find solutions of KdV equation (1) which have asymptotic behavior
The analogous problem was considered in [4, [7] [8] [9] [10] [11] 15] with help of G-P-like hypothesis for "external" and "inner" behavior of the first term for the asymptotic solution.
Let us consider KdV equation symmetry (i.e. u tτ = u τ t , see, for example, [16] ) which is combination of KdV Galilean symmetry and KdV higher order local symmetry
The hypothesis in question is: solutions of (1), (5) are invariant with respect to symmetry (6) i.e. u τ = 0, or
The main goal of this Letter is to show the non contradictoriness and selfco-ordination of this hypothesis with help of G-P-like form for the first term of "external" and "inner" asymptotic solution of (1), (5), (7). Also we well demonstrate our approach to problem on the example of Burgers equation.
The importance of invariant solutions is well known. The main question is to find such combination of symmetries which would be solve physically interesting problem. It was "linear, dispersible" approach [17] which was used in [13, 14] to obtain and study equation (7) as n = 1. In contrast with [13, 14] our suggestion is following: for studying the shock-like waves problem it is useful to investigate such combination of symmetries which would be solve problem in the "dispersionless, nonlinear" limit.
2 External and single-phase inner solutions 2.1 "External" solution Let us rewrite, for convenience, equations (1), (7) as
where ǫ is arbitrary constant. Our main observation: let | ǫ |≪ 1, ( the "dispersionless, nonlinear" limit) then for any m equations (8), (9) have formal external expansion
with first term equals (5).
"Inner" solution
In oscillation region we use solution in single-phase G-P-like form (3), where solutions of (4) are defined by Tsarev's generalized hodograph method [6] (m = 2n, n = 1, 2, ...)
where β 2m+3 = 3γ m /(3 + 2m) and [4, 5, 10 ]
with U 2m+1 (compare with [4] ):
Note useful expressions (s = 1, 2, ...):
As it is known Whitham-KdV equations (4) are averaged equations for (1), (3). Substituting (3) into (7) and averaging over θ we obtain the averaged equations for (3), (7) (compare with [4] )
Note that Whitham-KdV equations (4) admit symmetry
which is combination of Whitham-KdV equations Galilean symmetry and Whitham-KdV equations higher order (nonclassical [16] ) local symmetry. Thus solutions of equations (4) Proposition. Equations (4), (15) are compatible, i.e. if we rewrite (4) as
and (15) as
then r itx = r ixt .
Remark. This proposition is true for any semihamiltonian [6] systems, ψ i such that (compare with [6] )
and ϕ i such that T ϕ i = −1. Lemma. 
Theorem. Generalized hodograph solutions (11) satisfy equations (15) . Proof. The total derivative of (11) with respect to x gives
As it is known [6, 9] the matrix in left side of (21) is diagonal
where δ ik = 1 if i = k and δ ik = 0 if i = k. From Lemma we have
Combining (22) and (23) we obtain
Substituting (22), (24) in (21) we obtain
This is the same as (15) . Thus generalized hodograph solutions (11) satisfy (15).
Remark. The total derivative of (11) with respect to t gives (17) . Note that the analogous theorem is formally true for any ψ i µ from (19) and such that Sψ 
Statement
From the above we obtain the main statement: the G-P-like first term (i.e. continuous combination of "external" solution (5) and "inner" solution (3), (11)) of asymptotic solution of (1), (5) satisfies (in framework of G-P-like hypothesis) (7), (15) and may be considered as invariant solution with respect to KdV equation symmetry (6) . As it is followed from [8, 11] if m = 2n then the plot of the multivalued function {r ∓ , r i } is C 1 smooth near x − (t) and x + (t) (here r − is equal to u from (5) as x ≤ x − (t), and r + is equal to u from (5) as x ≥ x + (t)).
3 Exact solvable simplest examples
KdV equation case
The simplest case of (7) is (m = 0, γ 0 = 1)
From (25) we have solution of KdV equation
with "initial profile" u(x, 0) = −x, and with singularity as t = 1.
Burgers equation case
Now let us consider problem to find shock-wave solutions of Burgers equation
by the above symmetry approach. The first simplest case gives the same solution as (25). The combination of Galilean symmetry and simplest higher symmetry for (26) [16] gives us the following analog of (6)
Solution of (26) which is invariant with respect to symmetry (27) is defined by equation
Equation (28) has solution
The "external" expansion for (29) has first term
Substituting v = −2V x /V in (29) we obtain equation
From (31) we obtain the well known [19] 
The combination of Galilean symmetry and fifth order symmetry of (26) [16] Solution of (33) has external expansion with first term
Substituting v = −2V x /V in (33) we obtain 32V xxxxx − 2tV x − xV = 0.
The solution of (27), (33), (34), (35) is governed by integral
exp(−λ 6 /12 + tλ 2 /4 − xλ/2)dλ.
